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In left-right symmetric models (LRSM) the light neutrino masses arise from 
' two sources: the seesaw mechanism and a VEV of an SU(2)i triplet. If the 

CN ' left-right symmetry breaking, vr, is low, vn ^ 15 TeV, the contributions to 

\^ ' the light neutrino masses from both the seesaw mechanism and the triplet 

' Yukawa couplings are expected to be well above the experimental bounds. 

' We present a minimal LRSM with an additional U(l) symmetry in which 



o 



X 



the masses induced by the two sources are below the eV scale and the two- 
fold problem is solved. We further show that, if the U(l) symmetry is also 
responsible for the lepton flavor structure, the model yields a small mixing 
angle within the first two lepton generations. 



I. INTRODUCTION 

Among the various new physics (NP) models that give neutrino masses, the left-right 
symmetric (LRS) framework is, in many senses, one of the most attractive. A left-right 
symmetric model (LRSM) is based on the gauge group SU(2)/jX SU(2)2,x U(1)b-l IQ- 
At the high energy scale of the LRS breaking, vr, various new fields and interactions 
are present. In many LRSM, e.g. LRSM embedded in GUT models P], the scale vr is 
much higher than the electroweak (EW) breaking scale, /c, and the low energy effective 
Lagrangian is similar in many aspects to that of the Standard Model (SM). In such cases 
present and near future experiments will not be able to directly probe the NP. We therefore 
investigate whether a natural LRSM with f/j < 15 TeV can be constructed consistent with 
the experimental data on the lepton flavor parameters. In particular we require the active 
neutrino masses to be below the eV scale. 
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m,^ < 1 eV , (1) 

with i = 1,2,3. This is motivated by the cosmological 0, and direct upper bounds 
on the active neutrino masses and in particular by the ones deduced from the atmospheric 
and solar experiments assuming hierarchical neutrino masses The charged lepton 

masses are @], 

me ~ 0.51 MeV , ^ 105.7 MeV , ~ 1777 MeV . (2) 
In section || we discuss a two-fold problem related to neutrino masses which one faces 



when dealing with a relatively low scale of vr; In section |TT|we present a minimal LRSM 
(MLRSM) with an additional U(l) symmetry, which solves the above problem. In section 
we show that if the same U(l) symmetry accounts also for the lepton flavor structure 
such a model cannot yield a large mixing angle (LMA) between the first two generations. 
Comments and conclusions are given in section 0. 

II. NATURALNESS OF THE MSLRM WITH A LOW vr 

Below we investigate the consequences of having a low value for the LR symmetry 
breaking scale, 

vn < 15 TeV . (3) 

The Lagrangian of the lepton sector in the MLRSM is given by: 

C = Co + /Ll^Lr + gLLct)2LR + h{ALLLLL + ArLrLr) + A) + h.c. , (4) 

where Cq contains the kinetic and the gauge interaction terms for the various fields. The 
field L is a lepton doublet, the field is a Higgs bi-doublet, '^i ~ ( ^- /^o j ' ~ ^201^2, 

Al [Ar] is a triplet of the 811(2)^ [SU(2)^] gauge group and the scalar potential, V{(j), A), 
is given below. 

In the general case the scalar fields, Al^r and 0, develop complex VEVs, 

/A V f 0\ , /fcie^^i \ 

^^^'^^ = i ..,^e-- j ' ^'^'^=[ A:,e-j- 

In order to have a phenomenologically viable model the VEVs must be hierarchical. 



\vL\<^k<^ \vr\ , = ^|fci|2 + IfcaP ~ 250 GeV . (6) 

If the ratio r = | A;2//i;i | is of order unity then in general no splitting is obtained between the 
Dirac masses of the two components of the SU(2) l doublets. This causes phenomeno logical 
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problems both in the lepton sector (see discussion below) and in the quark sector @-|rT|. 
Thus, we assume below that r is a small number. 

Given the VEV hierarchy of eq. (^) the light neutrino mass matrix, Mj^, is given by: 

Mr ^ {Ml^f{M^^^)-^Ml^ + M^"^ , (7) 

with MjP being the Dirac neutrino mass and M^^-^ [M^^"-'] being the Majorana mass 
matrix for the right [left] handed neutrinos. The RHS of eq. (0) contains two terms. The 
first, M^^^ = (M^)^(Mjf"^)-iM^^, is related to the seesaw mechanism |T^. It depends on 



the scale of the Dirac neutrino masses and on vpt- The second, M^"'-' , depends on v^. In 
order to estimate the magnitude of Mj^ we consider them separately. 



A. The natural value of M^^^ and M^""^ 



1- M^see 



In general, without further assumptions, the scale of the charged lepton and the neutrino 
Dirac masses is roughly the same. Therefore, neglecting mixing, the value of the tau 



neutrino mass or (M^^^)^^ is simply given by the well known seesaw formula |]T2 

{Maseehs ~ {mr)Vvn = 0(0.1 MeV) . (8) 
Such a high value is well above the bound given in eq. (||). 

2. M"^"^ 

The scalar potential of the MLRSM is given by 

V{(j),A) = V^ + V^ + V^^, (9) 

where 

= -4.Tr(0l0,) + X,,ki Tr(0l0,) Tr(0l0O , (10) 

Va = -fi^ Tr(A,Al) + p,, Tr( A, A,)Tr(A] A]) , (11) 
with Ai 2 = Ai and 



^There is a redundancy in different terms in the potential the way it is written in eqs. (lC-12) 
It does not, however, affect our analysis. 
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+ 7^,Tr(Al0.A«0]). (12) 
It leads to the following relation [[l|,p!3|- [15|] : 

\vRVL\=a\h\'il+Oi\r\)), (13) 

where a is a function of the various couplings. Without fine tuning a is expected to be of 
order unity. Substituting the values of the relevant VEVs given in eq. (H) and eq. (||) into 
eq. (|13D leads to a rather high value of vl, 

vl = 0{1 GeV) . (14) 

Such a high value of vl, with the triplet Yukawa couplings of order unity, yields light 
neutrino masses of the order of 1 GeV which is above the direct experimental bound . 

To conclude, with f < 15 TeV and the Yukawas of the Higgs triplet of C(l), we expect 
m^^ = C(0.1 — 10^ MeV), which is well above the eV scale. 



III. A MLRSM WITH A U(l) SYMMETRY MODEL 

Below we show how an additional U{1) symmetry can solve the problem of too massive 
active neutrinos discussed above. For our demonstration we consider a model with only 
third generation leptons. Since the seesaw mechanism relates the heaviest charged lepton 
to the heaviest neutrino, our model deals with the most severe phenomenological problem. 

The low energy effective theory with the additional U(l) symmetry is assumed to be 
broken by a small parameter, e. Thus, various terms in the low energy effective Lagrangian 
are suppressed by powers of e, 

+ £l«(^-)+2«(^-)l/i(AiLiLz. + AnLnLn) + V{<p, A) + h.c. , (15) 

where we redefined the various Yukawa couplings so that f,g,h = 0{1). The structure of 
V{(f), A) can be easily deduced from eqs. (p|-|T^. To our consideration it is important only 
to focus on the aij,Pij and •jij terms. We redefine them so that now aij,Pij,'jij = 0{1), 



(an 



^'^^'^^^^i(«;j;£Ai)^''^(^^)' J ^^^^ 



and 



^..^\Q{A^)-Q{A,)\ ^ ^ J 

^ <j ^..^|Q(A«)-Q{A^)+2Q{0i)l ^=l j=2 . (17) 
^,,^\Q{An)-QiAL)-~2Q{4>i)\ ^ = 2 j = 1 
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The most general VEVs that the fields can develop are given in eq. (J^). Using, however, 
SU(2)i X SU(2)^ transformations of the form 

one can bring vl and to be real. Thus, the effective potential acquires the following 
form at the minimum: 

V{{M, (A«,^)) = -^^M + vl) + ^{vt + 4) + ^vlvl + {vl + vDlian + «22 + 
+ (an + «22 + P22)\k2\^ + £l''5(</'i)l(4a,2 + 2Pu)neihk;)] 

^|Q(A_R)-Q(Ai)+2Q(<?ii)|^_^^|^^|2 _^ ^|Q(Afl)-Q(A£)-2Q(9ii)|^^^ |^^|2j 

+ terms which depend only on /ci , , (19) 

where p = 4(pii + P22) , p' = P12 + P21 and Pij = (3ij + l3[y As discussed above we assume 
r, £ <^ 1. Therefore the potential \^(0, A) is approximately given by: 

vm. (A)) ^ -^4{vl + vl) + ^(4 + 4) + P-vlvl 

+ '^{vl + vl)\k,\' + Pv:^vn\k,\\ (20) 

with 

a ^ 2(aii + 022 + /?ii) , 

+ rcos(ai - a2)£l'^^^«^"'^^''"^l(7ii + 722)] • (21) 

Following the standard analysis of the minimization of the potential (see e.g. p|JT3|-p!6|) we 
obtain: 

VLVR = i\ki\^ , (22) 
with 7 = (3/{p ~ p'). Thus, in our model the suppression related to 7 is roughly given by: 

which can naturally bring vl to below the eV scale as required by eq. (|l]). 
In our model the lepton masses are given by: 

^ i^(^j^|Q(Li)-Q(Lfl)-(9(^i)| ^g^\Q{LL)-Q(LR)+Q(cl,i)\^ie~^ 

^ [fell ^^^|Q(Li)-Q(Lfl)+Q(0i)| _^ ^^^|Q(L^)-Q(L«)-Q(<,!,i)|g-i0^ 1^24) 
-y/2 
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where we used a phase convention in which v^, ki are reaL 

To make our discussion concrete we choose the following set of charges: 



Q{Al) = -Q{Ar) = 6 , Q(0i) = -Q(02) = 2 , Q{Ll) = -Q{Lr) = 3 . (25) 
Assuming ~ r ~ 1/250, vr ~ 15 TeV, ki ~ 250 GeV we get 

VL--e^^kl/vRr^0.leV, (26) 

~ e%g ~ 1 GeV , m^^ ~ e%\e'^f + rge'^\ ~ 1 MeV , (27) 

and 

m,^ ~ hvL - {m'^^flvR ~ 0.1 eV . (28) 

To summarize, we showed that, in principle, using an additional U(l) symmetry and 
under the assumption that r is of (9(10^^ — 10~^), one can construct a model in which vr 
is of (9(15 TeV), the neutrino masses are below 0{\ eV) and ~ 1 GeV. In that sense, 
models in which the typical scale of LRS breaking is relatively low might still be natural. 



IV. CAN A U(l) HORIZONTAL SYMMETRY ACCOUNT FOR THE RECENT 

SN DATA? 

We examine below the possibility that the structure of the lepton flavor sector is ex- 
plained solely by the above U(l) symmetry, which acts on the different flavors as an hor- 
izontal symmetry. In particular we focus on the mixing between the first two generations 
and investigate whether a large mixing angle (LMA) is obtained by the model, as strongly 
favored by the recent data from the SN experiments We assume for simplicity that 

all the right handed neutrinos are heavy. Thus our analysis does not apply to models of 
four light neutrinos. We also neglect CP violation (CPV) in the lepton sector. 

The charged lepton mass matrix, M^' is given by: 

^IQs+Qg+Qfal £:IQ3+Q^3+<3il elQs+Qil I ^ (29) 



V2 



with Q,, = Q{Ur) - Q{Ll) + Q(0i), Qf^ = Q{Ur) - Q{L^r) and Qf,- = Q{L{) - Q{Ll). 
Within the LRSM the Dirac mass matrices are hermitian. Therefore, 

\Q{Ur) - Q{Li) + Q(0i)l = \Q{L'r) - Q{Ll) + Q(0i)| , (30) 

with z = 1, 2, 3. In the appendix we show that since in our framework the Dirac mass 
matrices are both hermitian and hierarchical then the following relation is obtained: 
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Qij — Qij — Qij ■ 



(31) 



In addition, from eq. ( |27| ) and eq. (p8| ) we learn that in order to obtain neutrino masses 
below the eV scale, we must have: 



D < 



m^/100 



(32) 



with m^, i = 1,2,3 are the eigenvalues of the neutrino Dirac mass matrix. 

Within our model, the suppression of the neutrino Dirac masses is achieved by aligning 
the sign of the U(l) charges of the lepton doublets with the one of (pi. This yields a sup- 
pression of e2|*3(<^i)l of the neutrinos Dirac masses compared with the charged lepton ones. 
This is demonstrated in eqs. ( p^j25|j27| ) , that uses, sign[Q{L^) — Q(L|)] = sign[Q{(l)i)]. 
Though a charge assignment in which sign{Q^) ^ sign[Qi^2) can, in principle, lead to a vi- 
able (hermitian and hierarchical) charged lepton mass matrix, it yields an enhancement of 
£-2|Q(0i)| _ (9(^100) to the corresponding entries in the neutrino mass matrix. It is enough 
that the first generation is assigned an opposite charge, sign^Q^) = sign{Q2) ^ sign{Qi), 
to typically have m^^ of the order of 100 MeV. This leads to a violation of the constraint 
in eq. (p3). The same clearly holds for the other generations. Thus we must have: 



sign{Qi) = sign{Q2) = sign{Qs) . 



(33) 



The hierarchy in the charged lepton masses and eqs. (|30|j31|j3^) lead to the following 
relations |p!7| : 









Irrie 








V 










(M,^)33 













Mg 




Whs 




Mi 





rrir 



(34) 



From eq. (0) we learn that the the charged lepton mass matrix typically gives very small 
mixing angles in the (12) and (13) planes. Thus LMA for the SN can only come from the 
light neutrino mass matrix. 

With horizontal U(l) symmetries there are two typical structures of neutrino mass 
matrix that may account for both LMA in the (12) and (23) planes [18,19|. One of them 
involves a special structure of the 3x3 mass matrix. This structure cannot be reduced 
to a 2 X 2 block matrix description. In the appendix we show that in our case this type 
cannot lead to LMA in the (12) plane. In the second structure, the LMA of the SN comes 
from the entries of the 2x2 block mass matrix related to the first two generations. Below 
we separately investigate M^^g and M^^"'-' and show that LMA in the relevant 2x2 block 
of the mass matrix cannot be obtained in our framework. 
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A. Mixing in M^^^ 

Consider the relevant 2x2 block in M^gg. Requiring a LMA between the first two 
generations is translated to the following condition: 

^ max [(M^gjn, (M^^.J^s] ■ (35) 

Since the neutrino Dirac mass matrix, M^, is quasi diagonal it is clear that, to satisfy the 
condition of eq. (p5D, the following ratio between the entries of (M^"-')~^ should hold: 

(M 



^12 



rMaj\-l 



< — . (36) 



In the appendix we show that the ratio i?^ is larger than and the condition of 

eq. (^) cannot be satisfied. Therefore LMA in the relevant block of M^^^ is impossible. 
The above conclusion can be explained as follows. Within our framework strong hierarchy 
in the neutrino Dirac matrices, required by the hierarchy of the charged lepton masses, 
is inevitable. Such strong hierarchy suppresses any off-diagonal dominance that can be 
obtained in {M^^"'-')~^ . Therefore order one mixing in Mg^^ cannot be obtained. 



A4aj 



M^^""^ is given by: 



B. Mixing in M 



I ^2lQ;j+Qi3| ^12Q^,+Q23+Qi3| ^|2Q;j+Qi3| 

^|2Q?j+Q23+Qi3l ^2|Q^j+Q23l ^|2Q^i+Q23l I ^ (^37) 
y ^|2Q^j+Qi3| ^|2Q^j+Q23l ^2\Q'^\ 



where 2Q'^ = 2Q{L%) + Q{Ar) and we used the fact that within LRSM {M^""^ /vl\ = 

It is evident from eq. (0) that a proper charge assignment for (^(A/j /,), 

Q{An) ^ -2Q{Ll) - Q23 - Qn ; Q{Al) - -2Q{Ll) + Q23 + Q13 , (38) 

yields dominance of {M^^°'^)i2 over the diagonal entries {M^^°'^)ii and {M^^°'^)22- However, 
the condition for large mixing, {M^)i2 ^ max [(M]^)ii, (M|^)22], together with eq. (^ imply 
that one needs also to compare (M£)i2 to {Mg^Jn and {Mg^j22- As shown in eq. (P^), 
the scales of M^"^ and M^^^ are not independent in the LRSM. In particular, the higher 
the charges chosen for the triplet fields the smaller the product f Lf h becomes. Thus for a 
fixed value of vpt the contribution of M^^"-' to M}" might become negligible. 

In our framework we saw that {Mg^^22 is expected to be dominant compared with the 
other entries of (Mggg),^, i,j = 1,2. Therefore we compare it to {M^"^) 12 assuming that 
the condition of eq. (|38D holds. Given eq. (|38|) the determinant of M^"'-' is given by: 
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(39) 



Using eqs. (|7|,[A4|,PD we find that: 



22 




(40) 



Hence, the ratio (M^ "''')i2/ (yMg^^)22 is given by: 



22 



(41) 




Thus, LMA is induced by if; 




(42) 



In the appendix we show that, for the ratio i^fj to be larger than unity, it is required that 
vr ^ 10^ which is irrelevant for our discussion. Therefore obtaining LMA in the (12) block 
is impossible. 

In other words, we saw that in order to produce LMA in M^^""-^ one is driven to assign 
relatively high charges for Al^r as shown in eq. (|38|). The high charges of Al^r induce 
suppression of the product vlVr, as seen in eq. (0) and eq. (^). This suppression in its 
turn yields suppression of the ratio Rf^- 



From the above analysis we learn that a MLRSM with the additional horizontal U(l) 
symmetry discussed above cannot account for the LMA solution of the SN problem in a 
natural way. We focus on this point since the combind data from the SNO and Super- 
Kamiokande experiments disfavors the SMA solution of the SN problem . Though 
we do not show it explicitly in the text, a proper charge assignment for the various fields. 



e.g., Q{Al) = -Q{An) = 8, Q(0i) = 2, Q{L]:''') = -Q(4''') = 3,4,6, and an 



appropriate choice of the ratio e^/ r can produce a viable model of the lepton sector without 
any fine tuning. Such a model yields order one mixing for the atmospheric neutrinos and 
the SMA solution to the SN problem. 



A generic LRSM with the left-right symmetry (LRS) breaking scale vr ^ 15 TeV and 
natural value for Yukawa Higgs couplings leads to a severe problem in the lepton sector: 
The light neutrino masses are in fact rather heavy. The problem arises from two different. 



C. Conclusion 



V. DISCUSSION AND CONCLUSION 
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generically, independent parts of the model: 

1. vl, the triplet VEV is relatively high, vl ~ k"^ /vr = 0{1 GeV), which leads to a large 
eigen values of the Majorana mass matrix for the left-handed neutrinos. 

2. The scale of the neutrino mass matrix obtained by the seesaw mechanism is large, with 
the mass of the heaviest neutrino of the order rn^/vR = 0.1 MeV, provided that the tau 
neutrino Yukawa couplings are similar to those of the tau. 



In this context we demonstrated that, within a minimal LRSM, the two problems are 
solved using an additional U(l) symmetry, when the ratio between the two VEVs of the 
bi-doublet neutral fields is assumed to be small, of the order 10~^ — 10~^. 

We further showed that, if we assume that the same U(l) symmetry explains the charged 
lepton flavor hierarchy, small mixing angle is obtained between the first two generations. 
Nevertheless, there is no reason that a viable model, which combines the above U(l) 
symmetry with additional symmetries, cannot be constructed. 

This work is motivated by two reasons: First, the idea that the fundamental scale of 
gravity might be much smaller than the Planck scale was recently proposed and is, at 
present, consistent with all of our experimental knowledge [^. Our work demonstrates 
how a LRSM, in which the fundamental scale of gravity (and other NP sources) is relatively 
low, can account in a natural way for the smallness of neutrino masses. To the best of our 



knowledge no such complete LRSM was considered so far in the literature |21 



Our second motivation is related to the fact that LRSM with spontaneous CP violation 
(SCPV) P,p!3| were recently analyzed in the literature [|T0|, p!T| , |l^ ,^^-p6| and found to have 
a considerable agreement with all the CP conserving experimental data. It was also shown 
there that constraints from the quark sector typically require r to be of (9(10~^ — 10^^) 
n|,|2|,||,|2|, and that vr should be of 0(10 TeV) 

In that context it is important to note that MLRSM with SCPV cannot account for 
the observed CPV in the quark sector |p!3| , |T5| , p!6| . Recently it was also shown in [0 that 
the CP properties of the vacuum of the MLRSM with SCPV are strongly connected to the 
physical Higgs fields mass spectrum. This means that the above problem of the MLRSM 
with SCPV might be shared by many LRSM with SCPV. To what extent this problem 
is really general is yet to be investigated. Therefore LRSM with SCPV should not be 
discarded. 

Finally we remark that the recent result of BaBar Wt 



and Belle experiments 
exclude any LRSM with SCPV in which the quarks fields couples only to a single bidoublet 



field fll,25,26,2c 
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APPENDIX A: 



1. The Values of Qfl^ 

In this subsection we prove eq. (|3TD, that is, = Qfy Consider a two generation 
picture and suppose that 7^ Q12 and that, without loss of generahty, sign{Qi2) = 
sign{Q2), with Q2 = QiLj^) — Q{.L\) + > 0. The only way to ensure that the 

product M12 ■ M21 is of the order of mim2, as required by the hierarchy of the charged 
lepton masses, is when Q^2 is given by: 

gf2^-(gf2 + 2Q2). (Ai) 

In this case it is easy to see that Mu is of the same order as M22 which does not allow for 
mi <^ 777-2. Therefore we conclude that eq. ( pi]) must be satisfied. 



2. Mixing in a Non-reducible 3x3 Majorana Neutrino Mass Matrix 



In ref 18 it was shown how an Le — — Lr symmetry can lead to LMA both for the 



AN and for the SN. However it was assumed in |T8[ that the hierarchy in the charged lepton 
masses comes from additional flavor symmetry. Furthermore the 2x2 block related to the 
second and third generations in the Dirac neutrino mass matrix was assumed to be non- 
hierarchical. In our case we do not allow for additional continuous symmetries, therefore 
an Le — Lfj, — symmetry cannot be realized, and the Dirac matrices obey the structure 
given in eq. (0). Nevertheless we want to consider the case that neutrino Majorana mass 
matrices have an approximate — L^ — structure^: 



M\ 



Maj 



L,R 



vl,r 



fe' 

a 

u 



(A2) 



with e' -C \a\ < 1. 

Applying the analysis of [|18| to our model and assuming for simplicity a diagonal Dirac 
mass matrix, typically yields the following structure for Mg^^: 



e 



4|Q{0i)| 



I 1 



I 1 
e m,, 





ml 
e' 



(A3) 



^This can be achieved, e.g., using the following charge assignment, Q{Al) = — Q(A/j) = 
8.5, Q{4'i) = 2, (5(L^'^'^) = —Q{L]f'^) = 3,4,11/2, this leads to electron parity symmetry 
which we assume to be broken by another small parameter e' <C £■ 
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where we assumed also that r ~ £'^\Qi'f>^)\ , As clearly seen from eq. ( |A3| ) to have LMA for 
the SN one needs < This means that the heavy neutrino mass is enhanced by the 
inverse of the same factor which clearly violates eq. (|3^). In other worlds, LMA cannot be 
induced by Mg^^. 

In the case where e' is relatively large, as required by eq. (0), LMA also cannot be 

induced by Mf^""^ . To see that one needs to verify that l^f^ = -Rfo ^ 1. This ratio is in- 
vestigated in subsection |IV B| and in subsection [A4| , below, in a similar situation. Applying 
the same analysis to the present case one finds that the value of the ratio is enhanced 
by a factor of 1/e' relative to the corresponding values given in eqs. ( |A12|JA13| , |A14|) . The 
mild enhancement, of (9 still yields -Rfg 1 from which we learn that the mixing 
angle induced by M^^'^-' are small. 

Thus the above scenario cannot lead to LMA between the first two generations. 



3. Mixing in M^^g 



Below we show that the ratio i?^ defined in eq. (^) is always larger than ^J^- and 
therefore eq. (|3^) cannot be satisfied. In order to do so we focus on the structure of 



(M 



Maj -J 



1 



^2|QJ,+Qi3| 
^\2Q'3+Q23+Qw\ 
^|2Q^+Qi3| 



.|2Q;j+Q23+Qi3| £-|2Q^j+Ql3| 



-1 



^2|q;,+Q23| 



r|2Q^i+Q23| 



(A4) 



From eq. 



we find that the ratio -Rf^ is given by: 

^2|0;,+Qi3|+2|q;,| _ ^2|2Q^j+Qi3| 



R 



|2Q'+Qi3+Q23l+2|Q'| 



|2Q'+Qi3l + |2Q'+Q23l 



(A5) 



To see whether eq. ( pq) can be satisfied we are interested in the minimal value that the ratio 
R12 can have. To find it we divide it into separate ranges of Q' and calculate the minimal 
value of in each region. Without loss of generality we assume that Q' is non-negative, 
the result we get at the end of the discussion is valid for any value of Q' . 



Qn > -Q': 

In that case all the terms in the exponents of eq. 
see that is given by: 




5]) are positive and it is easy to 



(A6) 



thus the condition of eq. (|36D is not satisfied. 
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-2Q' > Qi3 > -Q' and -2Q' > + Qaa : 

In that case only the exponent of the first term in the dominator is negative and the 
ratio is given by: 



Ri2 ~ max 



^|2Qi3| ^4Q^+2Qi3 



^4Q?j+Qi3+Q23 



> e 



IQ12I 



m, 



(AT) 



where in the last line we used the relation Qi^ 
of eq. (^) is not satisfied. 



Qi2 + Q23- Therefore, the condition 



~2Q' > > -Q' and -2Q' > Q13 + Q23 ■ 

In that case the exponent of the first term in the dominator and also that of the first 
term in the denominator are negative and the ratio is given by: 



R12 ~ 



max 


"^|2Qi3| ^ ^4Q'^+2Qi:i 




max 


£2K 


>13+Ql2| ^ ^4Q^+Ql3+Q23 



> e 



IQ12I 



imp 



m,. 



(A8) 



and the condition of eq. ( ^61) is not satisfied. 



-2Q' > and -2Q' < Q23 : 

In that case the exponent of the first term in the dominator and also that of the first 
term in the denominator are negative. Therefore is given by: 



R 



e 



|2Ql3| 



12 



r2|Qi3+Ql2| 



> e 



IQ12I 



jm. 
m 



(A9) 



and the condition of eq. ( p6D is not satisfied. 
-2Q' > and -2Q' > Q23 : 

In that case the exponent of the first term in the dominator and also that of the first 
term in the denominator are negative. Therefore the ratio is given by: 



R12 ~ 



max 


"^|2Qi3| ^ ^-iQ's- 


-2Ql3' 




max 


52IQ13+Q12I ^ 5-4Q^- 


-Qi3- 


Q23 



> el' 



imp 



m„ 



(AlO) 



and the condition of eq. ( ^6|) is not satisfied. 

Thus we conclude that mixing of order one in Mg^^ between the first two generation cannot 
be achieved. 
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4. Mixing in M*^"-'' 

Below we show that the ratio R12, defined in eq. (|4l|), is larger than unity only if 
vr ^ 10^ which is irrelevant for our discussion and therefore eq. (|4^) cannot be satisfied. 
The ratio is given by: 

^Q3,[^2^2|Q23+Ql3+Q3-Q{0l)| ^ ^^2|Q23+Ql3+Q3| ^ ^2|Q23+Ql3+Q3+Q(<^l)| j 

r 2 2|Q23+Ql3+Q3-Q(<^l)l ^p2|Q23+Ql3+Q3l p2|Q23+Ql3+Q3+Q(<^l)ll 

maa;[r%2|Q3+Q(</'i)l^r£:l'33-Q(<^i)l+l<33+Q(<^i)l,e2|Q3-Q(<^i)|] ' ^ 



where in the second line we used eqs. (^ , |23| , |38|) to simplify the above expression. To see 



whether the ratio R12 could be equal or larger than unity we investigate eq. (|A11|) in four 
regimes relates to Q(0i). We assume that Q3 and also Qij are non-negative (since they 
carry the same sign according to our above assumption). This assumption does not affect 
our final conclusion since we do not impose any further assumptions on Q{4>i): 

(i) Qs > > : 

The ratio of eq. ( |A11| ) is given by, 

R^2 ~ ■ max[r^, e^QiM ^ e^QiM] ^ 1 ^ (A12) 

which means that in this case no large mixing is possible. 

(ii) Q23 + Qi3 + Q3> Q{<Pi) > Qs ■■ 

The ratio of eq. ( |A11| ) is given by, 

R^2 ~ e^l^i^le^^^ < 1 , (A13) 

which means that in this case no large mixing is possible. 

(iii) Q(0i) > Q23 + Qi3 + Qs ■■ 

The ratio of eq. ( |A11| ) is given by: 

R^2 ^ e3|Qi2|^|Q23+Qi3| ^ 1 ^ (A14) 

where we used the fact that we require r < ^'^IQiMl discussed in section 



Eq. ( A14 ) implies that no large mixing is possible. 
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(iv) In items (i)-(iii) we considered cases with Q{4>i) > 0. Let us consider the case with 
negative charges for example consider the range —Q3 < <5(0i) < : 
The ratio of eq. ( |A11 ) is given by, 



R 



L 

12 ~ ^ 



(A15) 



From eq. ([A15|) we learn that maximal mixing is possible if 



< ei-5|Qi2l _ 1/50 



(A16) 



which means that large mixing is in principle possible. 

However, as discussed above, opposite charges of and Q3 yield inverse hierarchy 
between the neutrino and charge lepton Dirac masses, 

<^^-2m\>^_ (A17) 

It means that in order not to produce too large neutrino masses vr is bounded from 
below: 

^«>^>^-10^GeV. (A18) 
lev lev 

Thus in this case large mixing cannot be obtained with a low value of vr. A similar 
conclusion is clearly obtained for any negative value of Q{4>i)- 
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